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Abstract

Waves on a ®lm ¯owing down a vertical wall appear in many processes. The resulting interfacial waves show
fascinating nonlinear phenomena, including solitary waves and complex disordered patterns. Measurements have

often been made of these phenomena using electrical resistance or electrical capacitance methods, optical methods,
and laser beam methods. This paper presents a new way of measuring the interfacial waves on a ®lm ¯owing down
a vertical plate wall in an entry region, using two laser focus displacement meters. The purpose of the study was to
clarify the e�ectiveness of the new method for obtaining detailed information on the waves, and to investigate the

e�ect of the entry length on the phenomena. With this method, accurate measurements of ®lm thickness were
achieved in real time with a sensitivity of 2 mm and 1 kHz. The error caused by refraction of the laser beam passing
through a transparent wall was clari®ed. The present results for wave velocity and maximum ®lm thickness agreed

well with past experimental and theoretical studies. In short entry length conditions, the average measured ®lm
thickness and wave velocity agreed with those calculated using Nusselt's Law, indicating that the ¯ow is laminar
even at a high ¯ow rate. As a result of this study, an empirical equation expressing wave frequency in the entry

region was formulated. 7 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Waves on a ®lm ¯owing down a vertical wall are
encountered in many applications, such as heat

exchangers, condensers, and chemical-process equip-

ments. Complex interactions between the liquid-turbu-
lence structure in the ®lm and gas±liquid interfaces
govern the physical properties of such ¯ows. The

resulting interfacial waves show fascinating nonlinear
phenomena, including solitary waves and complex dis-
ordered patterns. To elucidate these phenomena in

detail, spatial-temporal knowledge of the interfacial
waves is essential. Pertinent details include the mini-
mum and maximum ®lm thickness, or wave heights,

the average ®lm thickness, and the velocity and fre-
quency of the waves.
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Many measurements have been made of these

phenomena, using electrical-resistance or electrical-ca-

pacitance methods and other methods [1±5]. In the

electrical methods, the ®lm thickness is calculated from

the resistance or capacitance between the sensors. The

instantaneous ®lm thickness, or crest and roughness of

the wave, cannot be measured by this method, but the

spatial average ®lm thickness can be determined. On

the other hand, some researchers have used a laser dis-

placement sensor [6] and a supersonic echo method [7]

to measure the wave on a ®lm. The laser displacement

sensor, comprising a semiconductor laser and a pos-

ition-sensitive detector, detects the target position

using a triangular relationship. The laser beam

re¯ected from the target is focused on the position-sen-

sitive detector, forming a beam spot. The laser dis-

placement sensor and the supersonic echo method

have an advantage over the electrical method: these

techniques involve high spatial resolution, and they do

not disturb the ¯ow. The techniques do, however, pre-

sent one problem: if the curvature of the interfacial

wave is large, the re¯ected beam and the sonic wave

cannot reach the detector. A small wave or a wave

that has a large curvature on its interface cannot be

measured accurately by these techniques. Recently, a

new laser focus displacement meter (LFD, Keyence

Co. Japan, Model LT 8100) was developed to detect

scratches on the ICs or other electronic devices. This

sensor has the potential to solve the curvature problem

and to measure waves on a ®lm at high spatial and
temporal resolutions.

This paper presents a measurement of the interfacial
waves on a ®lm ¯owing down a vertical plate wall,
using a pair of LFDs. The purpose of the study was to

develop a wave measurement method using LFDs that
allow accurate measurements of ®lm thickness in real
time with a sensitivity of 2 mm and 1 kHz, and to in-

vestigate the waves on a falling ®lm in an entry region.
Although considerable e�orts were made in the past to
study the phenomena of falling ®lm in a fully devel-

oped region, 1±2 m below the inlet section, very few
detailed measurements have been made of phenomena
in the entry region, which is considered more import-
ant for industrial design than the fully developed

region. One reason why wave measurements had not
been made in the entry region might be that in the
past we had no accurate measurement technique for

thin ®lms.

2. Principle of measurements

2.1. Principle of LFD

Fig. 1 shows a schematic diagram of an LFD. The

conical laser beam emitted from a semiconductor laser
passes through a half-re¯ection mirror and an objec-
tive lens, and then reaches the target surface. The scat-

Nomenclature

A wave amplitude
CW wave velocity
d distance between laser head and window

fW wave frequency
g acceleration of gravity
h wave height
�h average wave height
KF physical properties group �r3n4g=s3�
L entry length

N refractive index
NCW

dimensionless wave velocity �CW=�ng�1=3�
NfW dimensionless wave frequency

�fW�n=g2�1=3�
NL dimensionless entry length �L�g=n2�1=3�
Re Reynolds number
Ndmax

dimensionless maximum ®lm thickness

�dmax�g=n2�1=3�
Nl dimensionless wave separation �l�g=n2�1=3�
t time

U0 average liquid velocity G=�d)

Z distance between the beam spots

Greek symbols

a dimensionless wave velocity de®ned by
average liquid velocity �CW=U0�

G volumetric ¯ow rate per unit wetted per-

imeter
d liquid ®lm thickness
�d average ®lm thickness

k angle of the incidence
l wave separation
n kinematic viscosity
r density of liquid

s surface tension
o phase delay

Subscripts
A, F, W air, ¯uid, wall
r, m real, measured

max, min maximum, minimum
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tering light re¯ected from the target passes backward
through the objective lens, is re¯ected by the half-

re¯ection mirror, and reaches a pinhole. The objective
lens is moved frequently by a diapason, or a tuning
fork. The displacement of the diapason, which moves

coincidentally with the lens, is detected by a position-
sensitive detector. The re¯ection beam appears on a
light-sensitive element at the rear of the pinhole when

the laser beam is focused on the target, as explained
by mutual-focusing theory. The displacement of the
target from the LFD can then be determined by detect-

ing the displacement of the object lens when the signal
from the sensing element is on. This principle makes
possible accurate measurement of the wave height or
®lm thickness, even if the wave surface has a large cur-

vature. The sensor has a measurement range of 2821
mm from the laser head. The diameter of the beam
spot on the target is 2 mm, and the spatial resolution is

0.2 mm. The temporal resolution, which depends on
the frequency of the tuning fork, was 1.4 kHz for the
original LFD. To reduce measurement error in the sys-

tem, the output signal from the LFD is the average of
two measurements. The temporal resolution of the pre-
sent LFD system thus is 0.7 kHz. The principle behind

an LFD measuring the distance between the sensor
and the target is the same as that of a camera focusing
on a target by a motor-driven objective lens in day-
light. In the LFD system, high temporal and spatial

resolutions are realized by using a tuning fork and a
laser beam. As a result, the tiniest roughness of a wave
can be detected.

Fig. 2. Laser beam path.Fig. 1. Laser focus displacement meter.

2.2. Calibration for refraction

We can measure liquid ®lm thickness using an LFD

from the ®lm-surface side (front measurement) or from
the back of a transparent plate (back measurement). In
the back-measuring LFD, it is necessary to estimate

the displacement error caused by refraction of the laser
beam passing the plate or the window surfaces on both
sides.

First, the displacement error is examined theoreti-
cally by the law of refraction. The LFD can measure
the liquid and the plate surfaces in one movement
cycle of the objective lens, and ®lm thickness d can be

calculated from the displacement di�erence between
the two signals, as shown in Fig. 2. The real ®lm thick-
ness, calculated from the measured displacement of the

®lm thicknessm dm, is denoted as follows:

d � dm
tan kA

tan kF

�1�

where k is the angle of incidence at the surface, and
subscripts A and F represent air and ¯uid, respectively.

From Snell's law:

NA sin kA � NF sin kF �2�

where N is the refractive index. From Eq. (2), the
angle of incidence at the window±¯uid interface, kF,

can be obtained as follows:
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kF � sinÿ1
�
NA

NF

�sin kA �
�

�3�

Substituting in the refractive indexes of air and water,

NA � 1 and NW � 1:32, and the angle of incidence of a
laser beam from the LFD to the target, kA � 11:58, the
real ®lm thickness d can be calculated from Eqs. (1)

and (3).

d � 1:332dm �4�
This simple equation shows that the real ®lm thickness

is independent of the thickness and refractive index of
the window, and of the distance between the laser
head and the window, when the ®lm thickness is calcu-

lated from the displacement between the two signals
for the ¯uid and window surfaces.
Second, the displacement error was examined exper-

imentally through the following two preliminary tests.

Fig. 3 illustrates the apparatus used in the ®rst prelimi-
nary test, which consists of a test cylinder and a water
tank with a window at the bottom. The cylinder can

be traversed vertically 1 mm by one signal pulse trans-
mitted from a personal computer. Distance dr between
the surfaces of the cylinder bottom and the window,

which is equivalent to a ®lm thickness, was detected by
an LFD installed under the window. To check the

e�ect of the distance between the LFD head and the
window surface d on measured distance dm between
the surfaces of the cylinder bottom and the window, a

micrometer can traverse the LFD vertically. Fig. 4
shows the relationship between dr and dm: Marks
representing di�erent distances between the LFD head

and window surface d overlap in the ®gure, which
means that the distance little a�ects the measured dis-
tance dm: The solid circles represent the corrected dm

calculated from Eq. (4). The corrected dm agrees with

the real distance dr with in a 1.5% margin of error,
which is represented by a straight line in the ®gure.
In the second preliminary test, the instantaneous

®lm thickness was measured by front- and back-
measuring LFDs. The beam spots were placed 1.5 mm
apart, so that the two beams would not interfere with

each other. Fig. 5 shows typical results of instan-
taneous ®lm thickness measurements by front- and
back-measuring LFDs. The corrected ®lm thickness,

Fig. 4. Refraction error and corrected ®lm thickness.

Fig. 5. Measured and corrected interfacial wave data.Fig. 3. Apparatus for the preliminary test.
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which is calculated by Eq. (4) and represented by a
dot-dash line in the ®gure, agrees well with the front

measurement thickness represented by a solid line. The
results of the two preliminary tests con®rmed that Eq.
(4) could be used to estimate the displacement error

caused by refraction of the laser beam at the window
surfaces and that ®lm thickness could be measured
accurately using an LFD positioned at the window

side.
We found some erroneous front measurement ®lm

thickness at a low liquid ¯ow rate or under thin ®lm

conditions, as shown in Fig. 6. In front measurement,
some waves are missed, as indicated by the circles in
the ®gure. When a thin-®lm wave has a large curva-
ture, an erroneous signal for window surface displace-

ment, caused by the refracted beam passing through
the wave surface, interferes with the signal for the
wave surface, and hence the ®lm thickness cannot be

detected. In the present experiments, erroneous front
measurement were found when d < 0:6 mm. Using a
back-measuring LFD is therefore recommended to

measure such thin ®lm thickness accurately.

2.3. Measurement of wave velocity

The wave velocity was measured using the front-
and back-measuring LFDs, as shown in Fig. 7. Time

delay t between the LFDs is denoted by wave fre-
quency fW and phase angle o:

t � o
2pfW

�5�

Wave velocity CW is calculated by Eq. (6):

CW � 2pfW
o

Z �6�

where Z is the distance between the beam spots. In the

present experiments, the distance was set at 2.5 mm
through this study. Waves on a ®lm consist of many
frequency components. Assuming that the wave vel-

ocity is independent of the frequency component, a
straight line can be drawn that represents the relation-
ship between frequency fW and phase-lag angle o: The
slope of the line becomes steeper as the wave velocity

increases. When a wave propagates in one direction, it
is possible to calculate the wave velocity if phase
phase-lag o is smaller than one cycle of the wave or

o < 2p: By substituting in this condition, the relation-
ship among the measurable wave velocity and distance
between the beam spots as well as wave frequency is

obtained from Eq. (6).

CW > fWZ �7�
Four or more samples in one cycle of a wave are

Fig. 7. Method for measuring interfacial wave velocity.Fig. 6. Wave phenomena on thin-liquid ®lm.
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necessary to identify the wave. Because the sampling
frequency fS in LFD measurements is 0.7 kHz, the fre-

quency of a measurable wave ft is:

ft <
1

4
fS � 175 �8�

Fig. 8 illustrates the measurement limitation in the pre-
sent system as a function of the frequency and distance

between the beam spots, calculated from Eqs. (7) and
(8). It is reasonable to measure the wave velocity using
a pair of LFDs positioned at the same side for data

processing. The LFD thickness, however, is the dis-
tance between the beam spots, which is larger than 33
mm, when the LFDs are positioned at the same side.
Such a large distance signi®cantly reduces measure-

ment area as shown in the ®gure. Wave velocity was
therefore measured using front- and back-measuring
LFDs in the present experiments. The signal provided

from the back-measuring LFD was corrected by
Eq. (4).

3. Apparatus

Fig. 9 shows the apparatus used in the present ex-

periments. Water was pumped into a head water tank
from a feed water tank, passing through a pure-water
generator that puri®ed tap water to an electrical con-
ductivity of less than 1 mS/cm. The level of the head

water tank was kept constant by an over¯ow outlet.

The water temperature was maintained at a level of 15
2 0.58C by a submerged heater and a cooler in the

feed water tank. After ¯owing down through ¯ow-con-
trol valves, a horizontal Te¯on tube, and a test section,
the water was drained from the system. The length and

width of the test section were 460 and 210 mm, re-
spectively. A uniformly ¯owing liquid ®lm was
achieved by use of a Te¯on tube with many 1 mm

holes in the wall and a slit positioned above the test
section. The uniformity was con®rmed by LFD
measurements which located at three points in width

of the test section, the center and points 100 mm apart
from the center, respectively. The discrepancies among
them were less than 5% in minimum, maximum and
average ®lm thickness as well as wave velocity. Two

thermocouples in the water tank and drain tube
measured the water temperature. The liquid ¯ow rate
was measured by a volume ¯owmeter installed at the

drain tube. The ®lm thickness was measured using the
LFD positioned at L � 133:5, 166:5, 233:5, 266:5,
333:5, and 366.5 mm down from the ®lm entrance.

The signal provided from the LFDs was transmitted
into a personal computer with a sampling frequency of
1 kHz. The experiments were performed with Reynolds

number (Re ) ranging from 32 to 706, calculated from
a volumetric ¯ow rate and wetted perimeter. Table 1
shows the settings used in the experiments.

Fig. 9. Apparatus for the experiment on ®lm ¯owing down a

vertical wall.Fig. 8. Measurable frequency and wave velocity.
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4. Results

4.1. Waves on falling ®lm

Fig. 10 shows the e�ect of entry length on the inter-
facial waves on a falling ®lm. As shown in the ®gure,

ripples smaller than 0.1 mm are generated on the wave
in conditions of high Reynolds number and short
entry length. To the naked eye, the surface of the ®lm
in that condition seemed ¯at as a mirror. No method

other than the LFD system can accurately measure
ripples or such ®ne waves. As the entry length
increases, the ripple grows to a solitary wave about 0.5

mm in height. At the entry length of L � 333:5 mm,
the wave becomes a two-wave system, as observed by
Takahama et al. [8] in a fully developed region. Rip-

ples and solitary waves are formulated coincidentally
in two-wave system. The e�ect of entry length on the

Table 1

Experimental settings

Position Re Mean temperature

Film thickness

L = 133.5 mm, 1066.5 mm 56, 101, 269, 344, 373, 439, 531, 557, 606, 631, 649, 704

L = 233.5 mm, 266.5 mm 79, 147, 254, 345, 373, 422, 530, 549, 593, 639, 649, 706 15.020.58C
L = 333.5 mm, 366.5 mm 78, 135, 218, 344, 366, 431, 527, 561, 606, 639, 649, 702

Wave velocity

L = 250 mm 32, 96, 135, 178, 255, 339, 519, 629, 676 15.020.5 8C

Fig. 10. E�ect of entry length on interfacial waves.

Fig. 11. E�ect of entry length on probability density function

of ®lm thickness.
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distribution of probability density function in ®lm
thickness is shown in Fig. 11. The distribution is sym-

metrical and has a sharp peak at the short entry length
condition with L � 133:5 mm. As the entry length
increases, the distribution becomes asymmetrical and

the sharpness of the peak diminishes. These facts indi-
cate that the accelerated ¯ow reduces the ®lm thick-
ness, the wave grows larger and becomes a two-wave

system, as the entry length increases.
Fig. 12 shows the e�ect of liquid ¯ow rate on the

interfacial waves. A two-wave system is generated in

the low ¯ow rate condition with Re � 79, which con-
sists of solitary waves of 0.6 mm in amplitude gener-
ated at the same frequency and ripples between the

solitary waves. As ¯ow rate increases, the wave fre-
quency increases and the amplitude decreases. Solitary

waves diminish, and the waves become disordered rip-
ples of 0.2 mm in amplitude when Re � 706: The e�ect
of ¯ow rate on the probability density function of ®lm

thickness is shown in Fig. 13. Distribution of the func-
tion spreads over wide range of ®lm thickness in the
low ¯ow rate condition with Re � 79, indicating a
large wave amplitude. The distributions are symmetri-

cal and have almost identical sharp peaks with consist-
ent width and height when Re > 300, indicating a
wave amplitude that is small and independent of ¯ow

rate. This fact that the wave amplitude decreases as
¯ow rate increases in the entry region is contrary to
the results obtained in the past [8] in a fully developed

region. The reason for this is that time required to
reach the measurement position is a key factor in the

Fig. 13. E�ect of ¯ow rate on probability density function of

®lm thickness.

Fig. 14. Standard deviation.Fig. 12. E�ect of ¯ow rate on interfacial waves.
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growth of the wave. As the ¯ow rate or the Reynolds
number increases, the velocity of the ¯ow increases,

which shortens the time required to reach the measur-
ing position from the ®lm entrance. The wave thus
cannot grow su�ciently if there is a high ¯ow rate or

the high Reynolds number. On the other hand, there is
enough time for the waves to coalesce and grow into a
solitary wave in low ¯ow rates.

The standard deviations of the ®lm thickness, as
a�ected by entry length and ¯ow rate, are shown in
Fig. 14. In low Reynolds number conditions, with

Re < 250, the standard deviation or roughness of the
wave is independent of the entry length. On the other
hand, the standard deviation is a�ected signi®cantly by
entry length in conditions of high Reynolds number, at

Re > 250: Standard deviations increase and the waves
grow as the entry length increases. Mori et al.
measured falling ®lm down tube's inner wall using

electrical probes [9]. The results obtained by Mori
showed that the standard deviations were independent
of the entry length when Re was below the 200±350

range and increased with entry length when Re was
above the 200±350 range, in a manner similar to that
of the present experiments.

E�orts have been made to clarify the mechanism
behind falling ®lm in by studying the average ®lm
thickness. In the present study, the average ®lm thick-
ness was calculated from arithmetic average of the

samples measured by the LFD positioned at window
side.

�d � 1

n

Xn
i�1

di �9�

Fig. 15 shows the relationship between average ®lm

thickness and the Reynolds number as well as the
entry length. The solid line in the ®gure represents a
theoretical Eq. (10) for laminar ¯ow conditions, calcu-
lated from Nusselt's Law [10].

�d �
 
3n2Re

g

!1=3

�10�

Theoretical Eq. (11), for turbulent ¯ow conditions, cal-
culated from Karman's velocity pro®le, is plotted in

the ®gure as a universal velocity pro®le [4].ÿ
3:0� 2:5 ln �d

���d� � Re� 64 �11�

�d
� � u�

�d
n

�12�

Friction velocity u� is calculated from the balance
between the wall friction and gravitational force.

u� �
�����
g�d

q
�13�

The broken lines represent empirical equations

obtained by Brauer (14) [11], Takahama (15) [8], and
Aragaki (16) [12], respectively. Aragaki's is a modi®-
cation of Henstock and Hanratty's equation [13] using

a correlation factor for the wavy surface.

�d � 0:302

 
3n2

g

!1=3

Re0:526 �14�

�d � 0:473

 
n2

g

!1=3

Re0:526 �15�

�d �
 

n2

g

!1=3�
8:92Re5=2 � 4:04� 10ÿ5Re9=2

�2=15 �16�

The present data agree with Nusselt's theoretical
equation in the short entry region, thus indicating the

Fig. 16. Maximum ®lm thickness.Fig. 15. Average ®lm thickness.
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¯ow to be laminar even at a high ¯ow rate. The aver-
age ®lm thickness is independent of the entry length

when Re < 250: On the other hand, the average ®lm
thickness tends to decrease as the entry length
increases when Re > 250, indicating the ¯ow is under-

developed.
Fig. 16 through Fig. 18 show the results of calculat-

ing maximum ®lm thickness dmax, minimum ®lm thick-

ness dmin and average wave height �h: The minimum
and maximum ®lm thickness were calculated with a
99% and 1% probability of ®lm existence, respectively

[14]. The arithmetically averaged distance, h, between
the minimum ®lm thickness and crest of each wave
was de®ned as the average wave height �h: Many
empirical equations exist for calculating the minimum

and maximum ®lm thickness and average wave height
of a ®lm ¯owing down a vertical wall. In the ®gures,
the solid lines are obtained by Ito±Sasaki's empirical

equations for a ®lm ¯owing down the outer surface of
a vertical tube [15].

hmax � 1:78� 10ÿ5Re0:68 �17�

dmin � 4:54

�
g

n2

�ÿ1=3
�18�

dmax � hmax � dmin �19�

�h � 2:12� 10ÿ5Re0:53 �20�
where g is the acceleration of gravity and n is the kin-

ematic viscosity of the ¯uid. Ito and Sasaki used a
needle contact technique to measure the ®lm thickness
at 1600 mm from the ®lm entrance.

As shown in Fig. 16, the present data of the maxi-
mum ®lm thickness dmax are a�ected little by the entry

length, and agree with those calculated by Ito±Sasaki's
equation, at low Reynolds numbers, Re < 250: On the
other hand, dmax increases with entry length when

Re > 250: Minimum ®lm thickness dmin is independent
of the entry length in a manner similar to that of dmax,
at low Reynolds numbers, Re < 250, as shown in

Fig. 17. At high Reynolds numbers, dmin increases as
entry length decreases, and it tends to agree with Ito±
Sasaki's equation. The entry length a�ects average

wave height �h when Re > 250 as shown in Fig. 18, in
approximately the same way as the results of the stan-
dard deviations and dmax, as well as dmin: The present
data for �h in the long entry condition, with L � 366:5
mm, agree well with those calculated by Ito±Sasaki's
equation.

4.2. Velocity and separation of waves

As described in the introduction, the wave velocity

was measured using the front-and back-measuring

Fig. 18. Average wave height.

Fig. 19. Wave frequency and the phase lag.Fig. 17. Minimum ®lm thickness.
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LFDs. A typical result of the phase lag of waves
between the LFDs is shown in Fig. 19. A simple linear
relationship between the wave velocity and wave fre-

quency, as well as phase lag, can be given by Eq. (6),
under the assumption that the wave velocity is inde-
pendent of the frequency. The straight line in the

Fig. 19, which expresses a linear relationship, is de-
rived by the least squares method. Fig. 20 shows the
e�ect of liquid ¯ow rate on the phase lag. As shown in
the ®gure, the slope is gentler, indicating that the wave

velocity increases as the ¯ow rate or the Reynolds
number increases.
Fig. 21 shows the relationship between the wave vel-

ocity calculated from Eq. (6) and the Reynolds num-
ber. The broken line and solid line represent Ito±
Sasaki's empirical equation (21) [15], and a theoretical

equation calculated from Nusselt's law (22) [10], re-
spectively.

CW � 5:91� 10ÿ2Re0:45 �21�

CW � 3

2

�
gn
3

�1=3
Re2=3 �22�

The present data with L � 250 mm, expressed by solid
circles, agree well with Nusselt's theoretical equation,
indicating the ¯ow to be laminar even at a high ¯ow

rate, as do the present results for average ®lm thick-
ness.
Fig. 22 shows the calculations of dimensionless wave

velocity, a �� CW=U0� de®ned by average liquid vel-
ocity U0 �� G=�d�: In the ®gure,a � 3 obtained Kapita'
s linear theory [16] and a � 2:4 obtained by Levich±

Bushmanov's non-linear theory [17] are plotted. The
results of a � 1:2±1:4 in the present experiments are
much smaller than those obtained from the theories
with the sole exception of a � 2:16 in the case of Re �
30: An assumption of very low liquid ¯ow rate used in
the theories might cause the discrepancy between the
results of the theories and the present experiments.

Recently, the relationship among wave velocity,
maximum ®lm thickness, and wave separation in an
entry region have been studied experimentally by

Nosoko et al. [18] in the range of Re � 14ÿ 90: They
used a needle-contact technique to measure the maxi-
mum ®lm thickness at a position of 100 mm from the
®lm entrance, and used photographs taken with a syn-

chronized stroboscope to measure wave separation and
velocity. The following empirical equations were drawn
from their study:

Ndmax
� 0:49K 0:044

F N 0:39
l Re0:46 �23�

NCW
� 1:13K 0:02

F N 0:31
l Re0:37 �24�

where Ndmax
, NCW

, Nl, and KF are the dimensionless

Fig. 20. E�ect of ¯ow rate on wave frequency and phase lag.

Fig. 21. Wave velocity. Fig. 22. Dimensionless wave velocity.
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maximum ®lm thickness, wave velocity, wave separ-
ation, and physical properties group, respectively.
In the present study, wave frequency was measured

with the LFD, which gives temporal information of
the wave interface. To estimate the e�ect of wave fre-
quency on wave velocity and maximum ®lm thickness,

the equations are modi®ed with the dimensionless
wave frequency NfW �� NCW

=Nl� as follows:

NCW
� 1:18K 0:029

F Nÿ0:45fW
Re0:54 �25�

Ndmax
� 0:523K 0:055

F Nÿ0:57fW
Re0:67 �26�

The interfacial waves on ®lm consist of waves di�ering
in amplitude and frequency. Chu and Dukler classi®ed

the waves into three types: large waves, small waves,
and base waves [19]. A large wave implies that a large
¯uctuation takes place about the average ®lm
thickness,�d, with minimum and maximum ®lm thick-

ness associated with the wave being alternate sides of
�d: Figs. 23 and 24 show the relationships between the
equations and the present results for large waves.

Although the present data agree well with the
equations in the low Reynolds number region,
Re < 100, they do not agree well in the high Reynolds

number region, Re > 100, and in the long entry region,
L > 250 mm. A curve ®t to collapse the data has been
applied using the dimensionless entry length, NL, and
the least squares method. The present data are

described within a 210% deviation by the following
equation as shown in Fig. 25.

Ndmax
� 0:788K 0:055

Fxs Nÿ0:07fW
Re0:23N 0:31

L �27�

5. Conclusion

This report presents an experimental study measur-
ing waves on a ®lm ¯owing down a vertical plate wall

using a pair of laser focus displacement meters, LFDs.
The purpose of the study was to clarify the e�ective-
ness of the new method for obtaining detailed infor-

mation on waves, including the minimum and
maximum ®lm thickness or wave heights, the average

Fig. 23. Dimensionless wave velocity and Nosoko's corre-

lation.

Fig. 24. Dimensionless maximum ®lm thickness and Nosoko's

equation.

Fig. 25. Dimensionless maximum ®lm thickness and the

present equation.
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®lm thickness, and the velocity and frequency of the
waves, and to investigate the e�ect of length down

from the ®lm entrance on the phenomena. The results
are summarized as follows.
It was possible to measure the liquid ®lm ¯owing

down a transparent plate wall using an LFD from the
back of the plate. The error caused by the refraction
of the laser beam passing through an acrylic plate and

water was estimated by Eq. (4). Wave on the ®lm ¯ow-
ing down a plate wall grew rapidly at low liquid ¯ow
rates or small Reynolds numbers. The reason for this

was that the time required to reach the measurement
position became a key factor in the growth of the
wave. The present data for average ®lm thickness and
wave velocity agreed with Nusselt's theoretical

equation in the short entry region, thus indicating the
¯ow to be laminar even at a high ¯ow rate. The results
for maximum and average ®lm thickness, as well as

standard deviation of the ®lm thickness, indicated that
the wave behaviors were independent of the entry
length in low Reynolds number conditions, with Re <
250: As a result of this study, an empirical equation
(27) expressing the relationship between the frequency
of large waves and ¯ow rate, as well as the entry

length, was formulated.
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